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Abstract: We report our findings on the perturbative structure of N = 4 supersym-
metric Yang-Mills (SYM) theory in the infrared sector by computing inclusive scattering
cross sections of on-shell particles. We use half-BPS, energy-momentum tensor and Kon-
ishi operators to produce singlet states in the scattering processes to probe the soft and
the collinear properties of the cross sections. By appropriately defining the infrared safe
observables, we obtain collinear splitting functions up to second order in the perturbation
theory. The splitting functions and the infrared finite cross sections demonstrate several
interesting connections with those in the perturbative QCD. We also determine the pro-
cess independent soft distribution function up to third order in the perturbation theory
and show that it is universal i.e. independent of the operators as well as the external
states. Interestingly, the soft distribution function in N = 4 SYM theory matches exactly
with the leading transcendental part of the corresponding one in the QCD. This enables us
to predict the third order soft plus virtual cross section for the production of the on-shell
singlet states.
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1 Introduction
Perturbative results from Quantum Chromodynamics (QCD) play an important role in
understanding the physics of strong interactions. Inclusive and differential cross sections
computed using perturbative QCD not only helped to discover several of elementary par-
ticles of the Standard Model (SM) but also provided a laboratory to understand the field
theoretical structure of non-abelian gauge theories. Scattering cross sections computed in
high energetic collision processes such as the Drell-Yan [1] and the deep-inelastic scattering
processes can be expressed in terms of perturbatively computed partonic cross section,
convoluted with the parton distribution functions (PDFs). The partons refer to quarks
and gluons and the PDFs describe the probabilities of finding the partons in a bound
state. While the scattering of partons are calculable order by order in perturbative QCD
(pQCD), the non-perturbative PDFs are process independent and can be computed only
by non-perturbative techniques. However, the evolution of PDFs as functions of energy
scale is controlled by pQCD through Altarelli-Parisi (AP) [2] splitting functions.
The study of the perturbative series at different orders give a wealth of informations
about the structure of various divergences such as ultraviolet (UV) and infrared (IR) diver-
gences. Computation of partonic cross sections beyond the leading order (LO) in pQCD
introduces these divergences and the origin of these singularities is due to loop and phase
space integrations. The UV divergences arise due to the high energy modes of virtual
particles in the loop while the IR divergences such as soft and collinear ones, come from
gluons and light quarks respectively. Only certain quantities like inclusive and differential
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cross sections, decay rates computed in pQCD can be measured in the scattering exper-
iments. They go by the name infrared safe observables. In these observables, the soft
divergences cancel among themselves between real emission and virtual diagrams at every
order in perturbation theory, the collinear divergences from degenerate final states again
cancel among themselves when they are appropriately summed. Hence, for scatterings or
decays where quarks and/or gluons are absent in the initial state the resultant observables
are infrared safe. If the incoming states contain quarks and/or gluons, there will be initial
state collinear singularities. Thanks to the existence of bound states and the factorisa-
tion properties of the initial state collinear singularities, one can remove these singularities
by appropriately redefining the PDFs. In other words, collinear unsafe parton level cross
sections resulting from scatterings of initial light partonic states can be factorised into pro-
cess independent kernels and collinear finite coefficient functions order by order in pQCD.
The kernels satisfy renormalisation group equations controlled by AP splitting functions
[2], which are known exactly up to third order in perturbation series [2–14]; the four loop
counterparts in planar and large nf (number of flavours) limit were calculated in [15, 16].
Thus in QCD, the nature of UV and IR divergences and their cancellation at cross section
level have been studied in details and is quite well understood. This knowledge of UV
and IR singularities in QCD can guide us to investigate the divergence structure arising in
different quantum field theoretic context. One of the interesting candidate to study is the
N = 4 supersymmetric Yang-Mills (SYM) theory. Like QCD, it is a renormalizable gauge
theory in four dimensional Minkowski space. In addition to having all the symmetries of
QCD , N = 4 SYM theory possesses supersymmetry and conformal symmetry that make
it interesting to study. Although the study of cross sections in such a theory has no phe-
nomenological implications, yet they can help us to understand the factorization properties
of the IR singularities, the latter being useful to extract the AP kernels at each order in
the perturbation theory. One of the goals in this article is to compute the AP splitting
functions up to two-loop order in the perturbation series from explicit calculation of certain
inclusive cross sections in N = 4 SYM theory.
The most widely studied quantities in N = 4 SYM theory are the on-shell ampli-
tudes. Owing to the supersymmetric Ward identities [17], the tree level on-shell identical-
helicity amplitudes vanish [18]. In addition these on-shell amplitudes satisfy the Anti-de-
Sitter/conformal field theory (AdS/CFT) conjecture [19] which relates the maximally SYM
theory in four dimensions and gravity in five-dimensional anti-de Sitter space. Such a du-
ality proposes that quantities computed in a perturbative expansion in N = 4 SYM theory
should add up to a simple expression, so that they can be related to the weakly coupled
gravity. In other words, the perturbatively computed quantities should be related to one
another in order to reduce to such simple expressions. This property of supersymmetric
amplitudes has been extensively studied in the works [20–23]. The factorization prop-
erty of the finite terms for n-point m-loop amplitudes in terms of one-loop counterparts
was shown in the article [24]. However this factorization property fails beyond two-loop
five-point maximally helicity violating (MHV) amplitudes [25, 26].
Like on-shell amplitudes, form factors (FFs) of composite operators also contribute to
the scattering cross sections and provide important information about the IR structure of
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the gauge theories. The FFs are defined as the matrix elements of the composite oper-
ator between an off-shell initial state and on-shell final states. The most widely studied
composite operator in N = 4 SYM theory is the half-BPS operator, whose UV anomalous
dimensions vanish to all orders in perturbation theory [27–31]. As a result the FFs of
this composite operator look relatively simple. The first computation of a two-point FF
up to two-loop order for the half-BPS operator was done by van Neervan [32]. The three
loop computation was done in [33] where the authors have shown an interesting con-
nection between their results and the corresponding ones in non-supersymmetric SU(N)
gauge theory containing nf fermions, with the following replacement of the color factors:
CA = CF = nf = N , where CA, CF are the Casimir for the adjoint, fundamental represen-
tations respectively. Study of FFs of composite operators also shed light on the ADS/CFT
correspondence, see [33–38] for details. Over the past few years calculation of FFs for non-
BPS type composite operators, such as the Konishi [39] have also gained interest. However
this operator is non-protected and hence develop UV anomalous dimensions at each order
in perturbation theory. In this regard, study of the FFs of the Konishi operator in N = 4
SYM theory helps to understand the IR structure in a more general way. For computation
of one-loop two-point, two-loop two-point and one-loop three-point FFs see [40]. In [41],
some of the authors of the present paper have presented the three-loop two-point FF for
the Konishi operator and also predicted up to 1/ pole at four loops in d (= 4 + ) dimen-
sions. The two-loop three-point FF and their finite remainders for the half-BPS [36] and
the Konishi operator were recently calculated in [42]. Several other results on n-point FFs
of the Konishi operator are now available, see [43–46] for details.
The FFs of composite operators as well as the on-shell amplitudes offer a wide scope to
investigate the IR structure of quantum field theory. In QCD, the two-point FFs satisfy the
K+G equation [47–50] and the IR structure of these quantities are already well understood.
The universal nature of IR singularities for a n-point QCD amplitude up to two-loop order
was predicted by Catani in [51]. It was then realized in [52] that the above predictions
are a consequence of the underlying factorization and resummation properties of the QCD
amplitudes. Later on the generalisation of the results in [51] and [52] in SU(N) gauge
theory, at any loop order, having nf light flavours in terms of cusp, collinear and soft
anomalous dimensions was formulated by Becher and Neubert [53] and independently by
Gardi and Magnea [54]. All these studies have helped to understand the iterative structure
of IR divergences which subsequently lead to the program of resummation of observables,
the latter being an important area of study at the energies of the hadron colliders.
Undoubtedly, higher order computation of the FFs and the amplitudes unravel the
IR structure of the N = 4 SYM theory in an elegant way. However purely real emission
processes, which appear in cross sections, can also give important informations about the
nature of soft and collinear emissions. In QCD, the gluons in a virtual loop can become
soft and contribute to poles in  in a dimensionally regulated theory, similar situation also
happens when gluons in a real emission process carry a small fraction of the momentum
of the incoming particles. More precisely, when we perform the phase space integrations
for such real emission processes, we encounter poles in , at every order in perturbation
series. These soft contributions from real and virtual diagrams cancel order by order
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when they are added together, thanks to the Kinoshita-Lee-Nauenberg (KLN) theorem
[55, 56]. In addition, the real emissions of gluons and quarks are sensitive to collinear
singularities; while the final state divergences are taken care by the KLN theorem, the
initial state counterparts are removed by mass factorization. Similar scattering of massless
gluons, quarks, scalars and pseudo-scalars in N = 4 SYM theory can be studied within a
supersymmetric preserving regularised scheme. The cancellation of soft singularities and
factorisation of collinear singularities in the scattering cross sections will also provide wealth
of information on the IR structure of N = 4 gauge theory. One can investigate the soft
plus virtual part of these finite cross sections after mass factorisation in terms of universal
cusp and collinear anomalous dimensions. Also, the factorisation of initial state collinear
singularities provides valuable information about the AP splitting functions in N=4 SYM
theory. Understanding such cross sections in the light of well known results in QCD will help
us to investigate the resummation of soft gluon contributions to all orders in perturbation
theory in a process independent manner. In other words, N=4 SYM theory offers an easier
framework to appreciate IR structure of not only on-shell amplitudes but also scattering
cross sections. Such an exercise helps us to appreciate better the underlying principles
of quantum field theory. In this article, we make such an attempt to compute inclusive
cross sections for the production of various singlet states through effective interactions
of certain composite operators, namely the half-BPS, the Konishi and energy momentum
(EM) tensor with fields of N=4 SYM theory. In contrast to the half-BPS and the Konishi
operator, the EM tensor couples universally to all the fields; thus the number of processes
contributing becomes overwhelmingly large. We compute all the subprocesses contributing
up to two-loop order in the perturbation theory and use them to extract the AP kernels
up to the same order in perturbative expansion. We notice interesting aspects of the
splitting functions, namely, presence of transcendental terms ranging 2l (l = loop order)
to 0. We also compare the cross sections calculated in N = 4 SYM theory to the standard
model counterparts, namely Drell-Yan and Higgs boson productions and find interesting
similarities and differences, which we shall elucidate in the later part of the paper in detail.
The paper is organised as follows. In Sec. 2, we start with the Lagrangian in N = 4
SYM theory, the interaction of its fields with different external currents through composite
operators and describe the general framework to compute the collinear splitting kernels
and infrared safe cross sections. Sec. 3 contains the methodology to compute scattering
cross sections using the regularised version of the Lagrangian. In Sec. 4, we present the
results for the splitting functions and the coefficient functions up to two-loop level and
discuss our findings in detail. Finally Sec. 5 is devoted to conclusions. Appendix contains
the Mellin-j space results of AP splitting functions in a compact form.
2 Theoretical framework
2.1 Lagrangian
In this section we present the theoretical framework necessary for our computation. Our
main interest is to understand the infrared structure of N = 4 SYM theory which will
eventually lead us to compute the AP splitting functions and find out many interesting
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aspects of the partonic cross sections. We achieve this by computing inclusive cross sec-
tions for the production of various singlet states from the scattering of pair of on-shell
particles belonging to N = 4 SYM theory. The effective Lagrangian responsible for the
production of such states can come from singlet composite operators such as the half-BPS,
the Konishi and the EM tensor of N = 4 SYM theory. These are denoted by OI with I =
half-BPS, K and T being the three singlet operators respectively. The Lagrangian density
including the effective interactions reads as follows
L = LN=4SYM + Lint, (2.1)
where LN=4SYM [57–60] in four space-time dimensions is given by
LN=4SYM =−
1
4
GaµνG
µνa − 1
2ξ
(∂µA
aµ)2 + ∂µη¯
aDµηa +
i
2
λ¯amγ
µDµλ
a
m +
1
2
(Dµφ
a
i )
2
+
1
2
(Dµχ
a
i )
2 − g
2
fabcλ¯am[α
i
m,nφ
b
i + γ5β
i
m,nχ
b
i ]λ
c
n −
g2
4
[
(fabcφbiφ
c
j)
2
+ (fabcχbiχ
c
j)
2 + 2(fabcφbiχ
c
j)
2
]
. (2.2)
The fields Aaµ and ηa represent the gauge and ghost fields respectively. The Majorana
fields are denoted by λam, with m = 1, ..., 4 denoting their generation type. The scalar and
pseudoscalar fields are φai and χ
a
j where indices i, j = 1, 2, 3 represent different types of
scalars and pseudoscalars in the theory. All the fields transform in adjoint representation
and hence carry SU(N) color indices a. g is the coupling constant and ξ is the gauge fixing
parameter. The gluonic field strength tensor is given by Gaµν = ∂µA
a
ν −∂νAaµ + gfabcAbµAcν ,
while covariant derivative is Dµ = ∂µ − igT aAaµ. The matrices T a satisfy [T a, T b]− =
ifabcT c, where fabc is the totally antisymmetric structure constant of the group algebra.
The generators are normalized as Tr(T a T b) = 12 δ
a b. The six antisymmetric matrices α
and β satisfy the relations
[αi, αj ]+ = [β
i, βj ]+ = −2δijI, [αi, βj ]− = 0, (2.3)
and in addition,
tr(αi) = tr(βi) = tr(αiβj) = 0, tr(αiαj) = tr(βiβj) = −4δij . (2.4)
Since we work with the dimensionally regulated version of the Lagrangian density in the
d = 4+  space-time dimensions, and use supersymmetry preserving dimensional reduction
scheme [61, 62], the number of α and β matrices is dependent on d. Hence care is needed
when we perform the contraction of indices, for example
αiαi = βiβi =
(
− 3 + 
2
)
I, αiαjαi = αj
(
1− 
2
)
I, βiβjβi = βj
(
1− 
2
)
I. (2.5)
The interaction part of the Lagrangian density in Eq. (2.2) is given by
Lint = LBPS + LK + LT, (2.6)
where
LBPS = JBPSrt OBPSrt , LK = JKOK, LT = JTµνOTµν . (2.7)
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In the above, the different singlet states are denoted by external currents Js (namely JBPSrt ,
JK and JTµν) which couple to a half-BPS (OBPSrt ), a Konishi (OK) and a tensorial operator
(OTµν). The half-BPS operator that we use is given by [32, 63]
OBPSrt = φarφat −
1
3
δrtφ
a
sφ
a
s . (2.8)
The factor 1/3 has been used to ensure the tracelessness property in four dimensions. The
primary operator of the Konishi supermultiplet, the Konishi, has the following form
OK = φarφar + χarχar . (2.9)
In terms of the Majorana, gauge, scalar and pseudoscalar fields, we find the EM tensor as
OTµν =GaµλGλaν +
1
4
ηµνG
a
ρλG
ρλ
a −
1
ξ
∂λA
λ [∂µAν + ∂νAµ] +
1
2ξ
ηµν(∂ρA
ρ
a)
2
+ (∂µη¯
a)(Dνηa) + (∂ν η¯
a)(Dµηa)− ηµν(∂ρη¯a)(Dρηa) + i
4
[
λ¯amγµDνλ
a
m
+ λ¯amγνDµλ
a
m −
1
2
∂µ(λ¯
a
mγνλ
a
m)−
1
2
∂ν(λ¯
a
mγµλ
a
m)
]
− i
2
[
ηµν λ¯
a
mγ
ρDρλ
a
m
− 1
2
ηµν∂ρ
(
λ¯amγ
ρλam
) ]
+ (Dµφ
a
i )(Dνφ
a
i )−
1
2
ηµν(Dρφ
a
i )
2 + (Dµχ
a
i )(Dνχ
a
i )
− 1
2
ηµν(Dρχ
a
i )
2 +
g
2
ηµνf
abc λ¯am
[
αim,nφ
b
i + γ5β
i
m,nχ
b
i
]
λcn +
g2
4
ηµν
[
(fabcφbiφ
c
j)
2
+ (fabcχbiχ
c
j)
2 + 2(fabcφbiχ
c
j)
2
]
. (2.10)
In the next section, we will evaluate the inclusive cross sections for the production of various
singlet states, I, due to the interaction of the fields of N = 4 SYM theory.
2.2 Computation of splitting functions and finite cross sections
In this section, we describe how the inclusive cross sections for the production of singlet
states corresponding to the operators OI , through the scattering of particles in N = 4
SYM theory, can be used to obtain various splitting functions and infrared safe coefficient
functions. The generic scattering process in N = 4 SYM theory is given by
a(p1) + b(p2)→ I(q) +
m∑
i=1
X(li), (2.11)
where a, b ∈ {λ, g, φ, χ} can be a Majorana or gauge or scalar or pseudoscalar particles.
X denotes the final inclusive state comprising of {λ, g, φ, χ}. In the above equation, the
momenta of the corresponding particles are given inside their parenthesis with the invariant
mass of the singlet state denoted by Q2 = q2. Except the singlet state all other particles
are massless.
The inclusive cross section, σˆIab(sˆ, Q
2, ), for the scattering process in Eq. (2.11) in 4+
dimensions is given by
σˆIab(sˆ, Q
2, ) =
1
2sˆ
∫
[dPSm+1]
∑
|Mab|2 , (2.12)
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where sˆ = (p1 + p2)
2 is the partonic center of mass energy. The phase space integration,∫
[dPSm+1], is given by∫
[dPSm+1] =
∫ m+1∏
i=1
dnli
(2pi)n
2piδ+(l
2
i − q2i )(2pi)nδn
(m+1∑
j=1
lj − p1 − p2
)
, (2.13)
with lm+1 = q, q
2
i = 0 for i = 1, · · ·m and q2m+1 = Q2. The symbol
∑
indicates sum
of all the spin/polarization/generation and color of the final state particles X and the
averaging over them for the initial state scattering particles a, b. Mab is the amplitude
for the scattering reaction depicted in Eq. (2.11). We follow the Feynman diagrammatic
approach to compute these amplitudes.
The cross sections σˆIab can be expanded in powers of t’Hooft coupling constant ‘a’
defined by
a ≡ g
2N
16pi2
exp[

2
(γE − ln 4pi)], (2.14)
where N is the number of colors in SU(N) gauge theory and γE = 0.5772 · ··, is the Euler-
Mascheroni constant. Note that the spherical factor that appears at every order in the
perturbation theory resulting from the loop and phase space integrals, is absorbed into the
coupling constant. We compute the inclusive cross section order by order in perturbation
theory as
σˆIab(z,Q
2, ) =
∞∑
i=0
aiσˆ
I,(i)
ab (z,Q
2, ), (2.15)
where the scaling variable is defined by z = Q2/sˆ. For the half-BPS and Konishi, at LO,
only scalar and pseudoscalars contribute, but for the T, at LO, all the particles namely
Majoranas, gluons, scalars and pseudoscalars contribute. At next-to-leading order (NLO)
and next-to-next-to-leading order (NNLO) level, there will be plethora of processes that
will be available for study. At NLO, we need to evaluate the amplitudes involving purely
virtual diagrams, called FFs and single real emission processes to the LO processes. For the
NNLO, we need in addition the interference of processes with single real emission and one
virtual loop with an emission. Beyond LO, evaluation of the Feynman diagrams involves
performing the loop integrals for the FFs and the phase space integrals arising in the real
emission processes. Both the loop and the phase space integrals are often divergent in four
space-time dimensions due to the presence of UV and IR divergences, hence they need to
be regulated. Dimensional regularization (DR) has been quite successful in regulating both
UV as well as IR singularities, where all the singularities show up as poles in . There
are several schemes of DR that exist. In the scheme proposed by ’t Hooft and Veltman
[64], called DR scheme, the gauge bosons in the loops are treated in 4 +  dimensions with
2 +  helicity states but the external physical ones in 4 dimensions having 2 helicity states.
In the conventional DR scheme proposed by Ellis and Sexton [65] one treats both the
physical and unphysical gauge fields in 4 +  dimensions. There is yet another scheme,
namely the four dimensional helicity (FDH) scheme by [66, 67] wherein both the physical
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and unphysical gauge fields are treated in 4 dimensions. In all these schemes the loop
integrals are performed in 4 +  dimensions. FDH scheme has been the most popular one
in supersymmetric theories.
In this paper, we choose to work with the modified dimensional reduction (DR) scheme
[61, 62] which protects the supersymmetry throughout. In this scheme, the number of
generations of scalar and pseudoscalar fields are such that the resulting bosonic degrees of
freedom is same as that of fermions, preserving the supersymmetry. Since the gauge fields
have 2 +  degrees of freedom, there are 3 − /2 scalars and 3 − /2 pseudoscalars in the
regularised version of the theory so that the total number of bosonic degrees of freedom
in d dimensions is same as in four dimensions, namely 8. It was shown in [41] that this
scheme has advantage over the others as it can be used even for operators that depend
on space-time dimensions. An example of such an operator is the Konishi operator (see
Eq. (2.9)). In [41], three-loop FFs of the Konishi operator was computed in DR scheme
which correctly reproduces its anomalous dimensions up to the same level.
In the DR scheme, in addition to analytically continuing the loop integrals of virtual
amplitudes and phase space integrals of real emission processes to d space-time dimen-
sions, all the traces of Dirac gamma matrices, flavour matrices α and β, and various
flavour sums/averages for the Majorana, scalar, pseudoscalar particles and polarisation
sums/averages for the gauge fields are done in d dimensions.
The renormalisation of the fields and couplings are done with the help of renormal-
isation constants. Due to supersymmetry, the coupling constant g does not require any
renormalization, the beta function of the coupling is zero to all orders in the perturbation
theory [59, 60]. Hence aˆµ =
a
µR
, where renormalization scale is denoted by µR and an arbi-
trary scale µ is introduced to keep the coupling dimensionless in d dimensions. In addition,
the amplitudes involving protected operators such as the half-BPS and the space-time con-
served operator like T do not require overall renormalisation constant. Since the Konishi
operator is not protected by supersymmetry, we need to perform an overall renormalisa-
tion order by order in perturbation theory. The corresponding renormalization constant
ZK (a(µR), ), satisfies the following renormalization group equation (RGE):
d lnZK
d lnµ2R
= γK =
∞∑
i=1
aiγKi . (2.16)
The solution to the above equation is
ZK = exp
( ∞∑
n=1
an
2γKn
n
)
. (2.17)
Here γK is the anomalous dimension whose value up to two-loop was computed in [22, 68,
69] while the three-loop results are available in [41, 70, 71]
The real emission processes start contributing from NLO, where any one of the par-
ticles ∈ {λ, g, φ, χ} can be emitted (m = 1 in Eq. (2.11)). Note that at NNLO level, there
will be two classes of real emission processes, namely amplitudes with double real emissions
(m = 2 in Eq. (2.11)) and those with the interference of one real and one virtual associated
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with a radiation. The UV finite virtual amplitudes involving half-BPS, T and Konishi
are sensitive to IR singularities. The massless gluons can give soft singularities and the
massless states in virtual loops can become parallel to one another, giving rise to collinear
singularities. The soft and collinear singularities from the virtual diagrams cancel against
the soft and final state collinear divergences from the real emission processes, thanks to the
KLN theorem [55, 56]. Since the initial degenerate states are not summed in the scattering
cross sections, collinear divergences originating from incoming states remain as poles in .
Hence, like in QCD, the inclusive cross sections in N = 4 SYM theory, are singular in four
dimensions. Following perturbative QCD [72], these singular cross sections can be shown
to factorize at the factorization scale µF :
∆ˆIab
(
z,Q2,
1

)
=
(
3∏
i=1
∫ 1
0
dxi
)
δ
(
z −
3∏
i=1
xi
) ∑
c,d
Γca
(
x1, µ
2
F ,
1

)
×Γdb
(
x2, µ
2
F ,
1

)
∆Icd
(
x3, Q
2, µ2F , 
)
, (2.18)
where the sum extends over the particle content {λ, g, φ, χ}. In the above expression
∆ˆIab(z,Q
2, 1/) = σˆIab(z,Q
2, )/z; the corresponding one after factorisation is denoted by
∆Iab. If this is indeed the case, then we should be able to obtain Γab order by order in
perturbation theory from the collinear singular ∆ˆIab by demanding ∆
I
ab is finite as  → 0.
The fact that the ∆ˆIab are independent of the scale µF leads the following RGE:
µ2F
d
dµ2F
Γ (x, µ2F , ) =
1
2
P (x)⊗ Γ (x, µ2F , ) , (2.19)
where the function P (x) is matrix valued and their elements Pab(x) are finite as → 0 and
they are called splitting functions. This is similar to Dokshitzer-Gribov-Lipatov-Altarelli-
Parisi (DGLAP) evolution equation [2, 9, 73–78] in QCD for the parton distribution func-
tions. In the DR scheme, the solution to the RGE in terms of the splitting functions, the
latter expanded in a as,
Pca(x) =
∞∑
i=1
aiP (i−1)ca (x), (2.20)
can be found to be
Γca
(
x, µ2F ,
1

)
=
∞∑
k=0
akΓ (k)ca
(
x, µ2F ,
1

)
,
with
Γ (0)ca = δcaδ(1− x) ,
Γ (1)ca =
1

P (0)ca (x) ,
Γ (2)ca =
1
2
(
1
2
P (0)ce ⊗ P (0)ea
)
+
1

(
1
2
P (1)ca
)
. (2.21)
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Knowledge of ∆ˆIcd up to sufficient order both in a as well as in , combined with the solution
of Eq. (2.19) will give us the desired P
(i)
ab (z), order by order in perturbation theory. Note
that in the DR scheme, the AP kernels contain only 1n where n is positive definite.
In Eq. (2.20) c, a ∈ {λ, g, φ, χ} thus we have 16 splitting functions Pab at every order
in perturbation theory. To determine LO P
(0)
ab and NLO P
(1)
ab , we need to evaluate the
scattering cross sections σˆIab for various choices of initial states ‘ab’ up to second order in the
coupling constant a. Since these are inclusive cross sections, sum over all the allowed final
states need to be done. We find more than one splitting functions P
(i)
ab appear in single ∆ˆ
I,(i)
ab
which makes it difficult to determine them separately. For example the non-diagonal terms
such as Pλφ and Pφλ would appear together with some numerical coefficients in ∆ˆ
I,(i)
λφ , at
every order. We can disentangle them if we compute the contributions from more than one
partonic cross sections, i.e. I = half-BPS and T. In addition we have observed that σˆIλφ =
σˆIλχ, which is valid up to second order in a for any I. Hence, the number of Pab that we need
to determine reduces to 10. They are given by Pgg, Pλλ, Pφφ, Pgλ, Pλg, Pgφ, Pφg, Pλφ, Pφλ and
Pφχ.
The LO diagonal splitting functions P
(0)
cc requires cross sections σˆ
T,(i)
cc with i = 0, 1
and the relevant processes are
c+ c→ T, c + c→ T + one loop,
c+ c→ T +X, (2.22)
whereX = g for c ∈ {φ, g} andX ∈ {g, φ, χ} for c = λ. Each of the above processes atO(a)
contains only one P
(0)
cc , hence it is straightforward to obtain each of them independently.
If we use the half-BPS operator, we can compute only P
(0)
φφ which we find agrees with that
obtained using the T operator. The non-diagonal LO splitting functions P
(0)
cb requires the
computation of σˆ
T,(i)
cb with i = 0, 1. At one loop the processes that contribute are given by
c+ b→ T + c, (2.23)
where we have chosen: c 6= b with (c, b) ∈ {(λ, φ), (λ, g), (φ, g)}. It is interesting to note
that in each of the above subprocesses only the following combination of splitting functions
appears: σˆ
T,(0)
cc P
(0)
cb +σˆ
T,(0)
bb P
(0)
bc . We can disentangle P
(0)
cb and P
(0)
bc separately by comparing
the coefficients of σˆ
T,(0)
cc and σˆ
T,(0)
bb . The remaining LO splitting function P
(0)
φχ = P
(0)
χφ is
found to be identically zero as they start at O(a2).
At NLO level, the diagonal splitting function P
(1)
cc requires the computation of σˆ
T,(2)
cc
and σˆ
T,(i)
cb with i = 0, 1, for different combinations of c and b. σˆ
T,(2)
cc gets contribution from
two-loop virtual processes
c+ c→ T + two loops , (2.24)
one-loop with a single real emission processes
c+ c→ T +X + one loop, (2.25)
where X = g for c ∈ {φ, g}, X ∈ {g, φ, χ} for c = λ and pure double emission processes
c+ c→ T + b+ b, (2.26)
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where for every pair of initial states made up of a pair of c’s with c = λ, g, φ, the allowed
final states contain a pair of b’s where b = λ, g, φ. Since the half-BPS operator couples to
only φ’s at LO, we can compute P
(1)
φφ from σˆ
BPS,(2)
φφ as well. This provides an independent
check on our results.
Unlike the diagonal splitting functions, the non-diagonal ones can not be determined
from σˆ
T,(2)
cb alone. The cross sections σˆ
T,(2)
cb where c 6= b always contain the combinations of
P
(1)
cb and P
(1)
bc . Hence determining them from single cross section is not possible. Therefore
we resort to σˆ
BPS,(2)
cb which can give P
(1)
cb unambiguously. Knowing P
(1)
cb and using σˆ
T,(2)
cb ,
we determine P
(1)
bc . The relevant processes to determine P
(1)
cλ and P
(1)
λc where c = g, φ are
given by
λ+ c→ I + λ+ one loop,
λ+ c→ I + λ+ b, (2.27)
where b ∈ {φ, χ, g} and I = T, half-BPS. The cross sections, σˆIgφ where I =T, half-BPS
that contribute to P
(1)
φg and P
(1)
gφ can be obtained . The relevant processes are
g + φ→ I + φ+ one loop,
g + φ→ I + g + φ,
g + φ→ I + λ+ λ. (2.28)
Finally, the splitting function P
(1)
φχ = P
(1)
χφ is obtained from the cross sections σˆ
I
φχ with
I =T, half-BPS which get contributions from the subprocesses
φ+ χ→ I + φ+ χ,
φ+ χ→ I + λ+ λ. (2.29)
In QCD, the kernel Γab contains 9 different splitting functions because a, b ∈ {q, q, g} for a
given flavour quark. The Mellin moments of them namely∫ 1
0
dzzj−1Pab(z) = γab,j , (2.30)
are anomalous dimensions of gauge invariant local operators made up of quark, anti-quark
and gluon fields, see [4, 79–83]. Following QCD, we can relate the Mellin moments of Pab
obtained in N = 4 SYM theory with the anomalous dimensions of composite operators
given by
Oλµ1···µj = S
{
λ
a
mγµ1Dµ2 · · ·Dµjλam
}
, (2.31)
Ogµ1···µj = S
{
Gaµµ1Dµ2 · · ·Dµj−1Gaµµj
}
, (2.32)
Oφµ1···µj = S
{
φaiDµ1 · · ·Dµjφai
}
, (2.33)
Oχµ1···µj = S
{
χaiDµ1 · · ·Dµjχai
}
. (2.34)
The symbol S indicates symmetrisation of indices µ1 · · ·µj . Note that these operators mix
under renormalisation and the corresponding anomalous dimensions are given by γab,j . In
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addition, when j = 2, the sum reproduces the gauge invariant part of energy momen-
tum tensor which does not require any overall renormalisation. In other words, the sum∑
aOaµ1µ2 is UV finite, hence
µ2R
d
dµ2R
(∑
a
Oaµ1µ2
)
= 0, a ∈ {λ, g, φ, χ}. (2.35)
This implies ∑
a
γab,2 = 0 a, b ∈ {λ, g, φ, χ}. (2.36)
We will show that splitting functions computed in the present paper satisfy the above
relation up to NLO level, namely at each perturbative order i∑
a
∫ 1
0
dz zP
(i)
ab (z) = 0 , where i = 0, 1, (2.37)
with a, b given in Eq. (2.36). In the next section, we shall discuss the methodology that
we have adopted to compute the individual partonic cross sections σˆIbc.
3 Methodology
The computation of ∆ˆIab(z,Q
2, ) i.e. σˆIab(z,Q
2, )/z beyond the LO involves evaluating
processes with real emissions and virtual loops. We generate relevant Feynman diagrams
by using the package QGRAF [84]. The raw output from QGRAF is converted to a
suitable format for further manipulation by using our in-house codes written in FORM
[85, 86]. We then compute the square of the diagrams by summing over the spins of
Majoranas, polarization vectors of gluons and generation indices of Majoranas, scalars and
pseudoscalars. In addition, we sum the colors of all the external states. The resulting
expression contains large number of Feynman integrals and phase space integrals. Using
a Mathematica based package LiteRed [87, 88] we reduce all the Feynman integrals to
few Master Integrals (MIs). While there were brisk developments in evaluating the loop
diagrams, progress in computing the phase space integrals for real emission processes took
place slowly. It is worthwhile to mention that the NNLO QCD corrections to DY pair
production [89] was achieved by choosing Lorentz frames in such a way that the integrals
can be achieved. An alternate approach was proposed in [90] to obtain the inclusive
production of Higgs boson. In this approach, the phase space integrals were done after
expanding the matrix elements around the scaling variable z = 1. These approaches pose
the problem of dealing with large number of integrals. An elegant formalism was developed
by Anastasiou and Melnikov [91] which helps to reduce these large number of phase space
integrals to a set of few master integrals. In this formalism, the phase space integrals are
first converted to loop integrals by employing the method of reverse unitarity. One replaces
the δ+ functions, coming from phase space integrals (see Eq. (2.13)), by the difference of
propagators,
δ+(q
2 −m2) ∼ 1
q2 −m2 + iε −
1
q2 −m2 − iε . (3.1)
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This replacement results in loop integrals which can be simplified to fewer set of MIs with
the help of integration by parts (IBP) identities. Care is needed while using IBP identities
because the shifts of momenta are not allowed. The MIs that remain after the application
of IBP identities are transformed back to phase space integrals by appropriately replacing
those propagators that were introduced in place of δ+ functions. Since the number of
integrals at this stage is much smaller, the problem reduces to evaluation of fewer integrals
using standard techniques. The phase space integrals relevant up to NNLO level can be
found in [92]. We used this approach to obtain σˆIab up to O(a2) in perturbation theory.
For more details on the implementation, see [91, 93, 94].
4 Analytical results and discussion
The splitting functions P
(i)
ab (z) for i = 0, 1 are extracted from the collinear singular cross
sections ∆ˆIcd(z,Q
2, 1/) by demanding that ∆Icd(z,Q
2, µ2F , ) are finite order by order in
perturbation theory. In the DR scheme, at LO level, the diagonal ones are found to be
P
(0)
λλ (z) = 8 [T (z) + 3− 2z] ,
P (0)gg (z) = 8 [1− V(z) + T (z) + z(1− z)] ,
P
(0)
φφ (z) = 8 [T (z) + 1] , (4.1)
and the non-diagonal ones are
P
(0)
gλ (z) = 4 [z − 2V(z)] , P (0)λg (z) = 16 [1− 2z(1− z)] ,
P
(0)
φλ (z) = 6z, P
(0)
λφ (z) = 16,
P
(0)
φg (z) = 12z (1− z) , P (0)gφ (z) = −8V(z). (4.2)
The LO splitting functions involving χ are obtained using
P (0)χχ (z) = P
(0)
φφ (z) , P
(0)
χφ (z) = P
(0)
φχ (z) = 0,
P
(0)
bχ (z) = P
(0)
bφ (z) , P
(0)
χb (z) = P
(0)
φb (z) where b ∈ {λ, g}. (4.3)
The extraction of the splitting functions at NNLO level involves use of both the half-BPS as
well as T operators because of the presence of more than one splitting functions in a single
cross section. By appropriately choosing the singlet final states and the corresponding pair
of particles in the initial states, as described in the previous section, we obtain
P
(1)
λλ (z) = 24 ζ3 δ(1− z) + 8
[
log2(z)− 2 ζ2
]
[T (z) + T (−z) + 6]− 32 log(z) log(1− z)
× [T (z) + 3− 2z]− 32 [Li2(−z) + log(z) log(1 + z)] [T (−z) + 3 + 2z]
+64 log(z)
[
3 + z +
4
3
z2
]
+
640
9
1
z
+ 128z − 1792
9
z2,
P
(1)
gλ (z) = 32ζ2 + 16 [Li2(−z) + log(z) log(1 + z)] [2V(−z) + z]− 16 log2(z)
+16 log(z) log(1− z) [2V(z)− z]− 16 log(z)
[
9 + 2z +
4
3
z2
]
– 13 –
+80− 1072
9
1
z
+
352
9
z2,
P
(1)
φλ (z) = 24z [Li2(−z) + log(z) log(1 + z)− log(z) log(1− z)]− 8 log(z)
[
3 + 2z + 4z2
]
+16 + 24V(−z)− 64z + 80z2,
P (1)gg (z) = 24ζ3δ(1− z) +
[
2ζ2 − log2(z)
] [
64− 8T (−z)− 8T (z) + 16z2]
+32 [Li2(−z) + log(z) log(1 + z)]
[V(−z)− T (−z)− 1 + z + z2]
+32 [log(z) log(1− z)] [V(z)− T (z)− 1− z + z2]
− log(z)
[
144 + 112z − 352
3
z2
]
+ 80− 1072
9
1
z
− 208z + 2224
9
z2,
P
(1)
λg (z) =
[
log2(z)− 2ζ2
] [
32 + 64z2
]− 64 [Li2(−z) + log(z) log(1 + z)] [1 + 2z + 2z2]
−64 [log(z) log(1− z)] [1− 2z + 2z2]+ log(z) [192 + 320z + 1792
3
z2
]
+
640
9
1
z
+ 896z − 8704
9
z2,
P
(1)
φg (z) = 24z
2
[
2ζ2 − log2(z)
]
+ 48z(1 + z) [Li2(−z) + log(z) log(1 + z)]
−48z(1− z) log(z) log(1− z)− log(z) [24 + 104z + 240z2]
−64 + 24V(−z)− 344z + 360z2,
P
(1)
φφ (z) = 24ζ3δ(1− z) +
[
8 log2(z)− 16ζ2
]
[T (z) + T (−z) + 2]
−32 [Li2(−z) + log(z) log(1 + z)] [T (−z) + 1]− 32 [T (z) + 1] log(z) log(1− z)
+ log(z)
[−24 + 24z + 16z2]− 64 + 24V(−z) + 40z − 24z2,
P
(1)
λφ (z) = 32
[
log2(z)− 2ζ2 − 2Li2(−z)− 2 log(z) log(1 + z)− 2 log(z) log(1− z)
]
+ log(z)
[
192− 64z − 128
3
z2
]
+
640
9
1
z
− 128z + 512
9
z2,
P
(1)
gφ (z) = 16
[
2ζ2 − log2(z)
]
+ 32 [Li2(−z) + log(z) log(1 + z)]V(−z)
+32V(z) log(z) log(1− z) + log(z)
[
−144 + 16z + 32
3
z2
]
+80− 1072
9
1
z
+ 48z − 80
9
z2,
P
(1)
φχ (z) = 8 log(z)
[−3 + 3z + 2z2]+ 24V(−z)− 64 + 40z − 24z2 , (4.4)
and the splitting functions involving χ are obtained using
P (1)χχ (z) = P
(1)
φφ (z) , P
(1)
χφ (z) = P
(1)
φχ (z),
P
(1)
bχ (z) = P
(1)
bφ (z) , P
(1)
χb (z) = P
(1)
φb (z) where b ∈ {λ, g}. (4.5)
In above T (z) = 1/(1− z)+ − 2 and V(z) = 1− 1/z. The action of “+ distribution” on a
dummy function f(z) is defined by∫ 1
0
dzf(z)
[
logn(1− z)
1− z
]
+
=
∫ 1
0
dz [f(z)− f(1)] log
n(1− z)
1− z . (4.6)
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We find that the both LO and NLO splitting functions satisfy the following relations:∑
a=λ,g,φ,χ
P
(i)
aλ =
∑
a=λ,g,φ,χ
P (i)ag =
∑
a=λ,g,φ,χ
P
(i)
aφ =
∑
a=λ,g,φ,χ
P (i)aχ = I
(i)(z), i = 0, 1, (4.7)
where
I(0)(z) = 8
[
1
(1− z)+ +
1
z
]
,
I(1)(z) = 24ζ3δ(1− z) + 321
z
[Li2(−z) + log(z) log(1 + z)− log(z) log(1− z)]
+
1
(1− z)+
[−32 log(z) log(1− z) + 8 log2(z)− 16ζ2]
+
1
1 + z
[−32Li2(−z)− 32 log(z) log(1 + z) + 8 log2(z)− 16ζ2] . (4.8)
Using the above relations, we confirm the identity given in Eq. (2.37) i.e.
∑
a=λ,g,φ,χ
∫ 1
0
dz zP
(i)
ab =
∫ 1
0
dz zI(i)(z) = 0 , i = 0, 1 and b = {λ, g, φ, χ}. (4.9)
We find that both at NLO and NNLO, only the diagonal splitting functions contain “+”
distributions. In addition, at NNLO level, terms proportional to δ(1−z) start contributing
to diagonal splitting functions. Hence, in the limit z → 1, the diagonal splitting functions
can be parametrized as
P (i)aa (z) = 2Ai+1
1
(1− z)+ + 2Bi+1δ(1− z) +R
(i)
aa(z), (4.10)
where Ai+1 and Bi+1 are the cusp [41, 95–97] and collinear [41] anomalous dimensions
respectively. R
(i)
aa(z) is the regular function as z → 1. We find that
A1 = 4, A2 = −8ζ2 , and B1 = 0, B2 = 12ζ3 , (4.11)
which are in agreement with the result obtained from the FFs of the half-BPS operator
[41, 95–97].
Using the supersymmetric extensions of Balitskii-Fadin-Kuraev-Lipatov (BFKL) [98–
100] and DGLAP [2, 73–75] evolution equations, Kotikov and Lipatov [70, 101–104] conjec-
tured leading transcendentality (LT) principle which states that the eigenvalues of anoma-
lous dimension [105] matrix of twist two composite operators made out of λ, g and complex
φ fields in N = 4 SYM theory contain uniform transcendental terms at every order in per-
turbation theory. Interestingly they are related to the corresponding quantities in QCD
[13, 14]. In [70] it has been shown that the eigenvalues of the anomalous dimension matrix
are related to the universal anomalous dimension by shifts in spin-j up to three-loop level.
Unlike [103], we distinguish scalar and pseudo-scalar fields and compute their anomalous
dimensions and their mixing in Mellin-j space. We find two of the eigenvalues of the result-
ing anomalous dimension matrix coincide with the universal eigenvalues obtained in [103]
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after finite shifts and the remaining two coincide with the universal ones only in the large j
limit (i.e. z → 1). For reference, we explicitly present the eigenvalues computed in this pa-
per in appendix B. One can associate the transcendentality weight n to terms such as ζ(n),
−n and also to the weight of the harmonic polylogarithms that appear in the perturbative
calculations. Similar relations were found in certain scattering amplitudes [106, 107], FFs
of BPS type operators [33, 36, 108, 109], light-like Wilson loops [110, 111] and correlation
functions [109, 111–115] computed in N = 4 SYM theory. It is shown that in [36], the two-
loop three-point MHV FFs of the half-BPS operator have uniform transcendental terms in
the finite reminder functions. Several FFs in QCD when CA = CF = nf = N coincide with
certain FFs in N = 4 SYM theory, and the LT terms of the amplitude for Higgs boson
decaying to three on-shell gluons in QCD [116, 117] are related to the two-loop three-
point MHV FFs of the half-BPS operator [36]. Similar correspondence was shown between
two-loop three-point FF [42] of the half-BPS operator and the pseudoscalar Higgs boson
plus three-gluon amplitudes [118] in minimal supersymmetric SM. Two-point FFs of quark
current operator [119], pseudoscalar [120] operators, energy momentum tensor [121, 122] of
the QCD up to three loops also show the same behaviour. It was shown in [41, 42], unlike
BPS operators, the Konishi operators do not have uniform transcendental terms but their
LT terms in FFs between φφ and in remainder function computed between gφφ external
state coincide with the corresponding ones of the half-BPS.
As can be seen from the results of splitting functions (see Eq. (4.4)), at each order
n, the splitting functions consist of terms which have trancendentality ranging from 2n
to 0. It is worth comparing the splitting functions in N = 4 SYM theory, Pab with the
ones obtained in QCD, PQCDab . We apply the following color transformation on the QCD
ones for comparison: CA = CF = nf = N . We find that the one loop splitting functions
P
QCD,(0)
gq and P
(0)
gl are identical; P
QCD,(0)
qg and P
(0)
lg are also identical up to an overall factor.
For P
QCD,(1)
qg and P
(1)
lg , apart from an overall factor, we find that only terms proportional
to log2(z) are different. We also observe that LT parts of P
QCD,(1)
gq and P
(1)
gl differ only in
their log2(z) terms.
We now move on to study the finite cross sections ∆Iab up to NNLO level. These cross
sections are computed in power series of the coupling constant a as
∆Iab = δ(1− z)δab + a ∆I,(1)ab + a2 ∆I,(2)ab + · · · (4.12)
These ∆
I,(i)
ab contain both regular functions as well as distributions in the scaling variable
z. The former are made up of polynomials and multiple polylogarithms of z that are finite
as z → 1 and they are from hard particles. The distributions are from soft and collinear
particles, which show up at every order in the perturbation theory in the form of δ(1− z)
and Di(z) where
Di(z) =
(
logi(1− z)
1− z
)
+
, (4.13)
and its action on a regular function is shown in Eq. (4.6). More precisely these distributions
originate from the real emission processes through
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(1− z)−1+ = 1

δ(1− z) +
∞∑
k=0
k
k!
Dk. (4.14)
These distributions constitute what is called the threshold or soft plus virtual (SV) part of
the cross section, denoted by ∆SVab . We can now express the total cross section as,
∆
I,(i)
ab = ∆
I,(i),SV
ab +∆
I,(i),Reg
ab , (4.15)
where
∆
I,(i),SV
ab = δab
cIi δ(1− z) + 2i−1∑
j=0
dIijDj(z)
 . (4.16)
The constants cIi and d
I
ij are absent when a 6= b. For the diagonal ones (a = b), they depend
on the final singlet state I and are in general functions of rational terms and irrational ζ.
For the diagonal ones, ∆
I,(i),SV
aa are found identical to each other for I = BPS, T. Up to
NNLO level, they are found to be
∆I,(0),SVaa = δ(1− z) ,
∆I,(1),SVaa = 8ζ2δ(1− z) + 16D1(z) ,
∆I,(2),SVaa = −
4
5
ζ22δ(1− z) + 312ζ3D0(z)− 160ζ2D1(z) + 128D3(z). (4.17)
We observe that at every order, the above terms demonstrate uniform transcendentality
which is 1 at NLO and 3 at NNLO. Note that δ(1− z) has -1 transcendental weight which
can be understood from Eq. (4.14) by noting that the term −n has transcendentality n.
We also notice that the highest distribution at every order determines the transcendental
weight at that order. It is interesting to note that the above coefficient functions are
exactly identical to the LT parts of the corresponding result in the SM for the Higgs boson
production through gluon fusion computed in the effective theory, upon proper replacement
of the color factors in the following way i.e. CA = Cf = nf = N . On the other hand for
I = K, we find up to NNLO level,
∆K,(0),SVaa = δ(1− z) ,
∆K,(1),SVaa = [−28 + 8ζ2] δ(1− z) + 16D1(z) ,
∆K,(2),SVaa =
[
604− 272ζ2 − 4
5
ζ22
]
δ(1− z) + 312ζ3D0(z)
− [160ζ2 + 448]D1(z) + 128D3(z). (4.18)
Unlike BPS and T type, for Konishi, ∆
K,(i),SV
aa does not have uniform transcendentality but
its LT terms coincide with those of BPS/T.
The SV part of the inclusive observables in QCD is well understood to all orders in
perturbation theory. For example, the SV part of the inclusive cross section gets contribu-
tion from virtual part, namely the form factor and the soft, collinear configurations of the
real emission processes. In these observables, the soft singularities cancel between virtual
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and real emission processes, while the initial collinear ones are removed by mass factori-
sation, thus giving IR finite results. Interestingly, the factorisation property of these cross
sections can be used to identify the process independent soft distribution function which
depends only the incoming states. In addition, they satisfy certain differential equation
similar to K+G equation of FFs. The solution gives all order prediction for the soft part
of the observable in terms of soft anomalous dimensions fa with a = q, g. Following [123]
and noting that only ∆I,SVaa contains threshold logarithms, its all order structure can be
expressed as
∆I,SVaa =
(
ZI (a, )
)2 |Fˆ Iaa(Q2, )|2δ(1− z)⊗ C exp (2ΦIaa(z,Q2, ))
⊗Γ−1aa (z, µ2F , )⊗ Γ−1aa (z, µ2F , ). (4.19)
In above I can be any one of the three operators considered in our current work. ZI(a, )
is the overall operator renormalization constant, which is unity for I = half-BPS and T
operators; however, for I = K, up to three loop, the pertubative coefficients of ZK are
available [22, 41, 68–71]. Fˆ Iaa(Q
2) is the FF contribution, i.e., the matrix elements of
the half-BPS or T or K between the on-shell state aa where a = {λ, g, φ, χ} and vacuum,
normalised by the Born contribution, which reads as
Fˆ Iaa(Q
2) =
〈a(p1), a(p2)|O˜I |0〉
〈a(p1), a(p2)|O˜I |0〉(0)
, Q2 = (p1 + p2)
2 . (4.20)
O˜I is the Fourier transform of OI and the superscript 0 indicates that it is the Born
contribution. ΦIaa(z,Q
2) is the soft distribution function resulting from the soft radiation
and Γaa are the AP kernels that can be written in terms diagonal splitting functions as
given in Eq. (4.10). The symbol ⊗ denotes convolution and the C exp(f(z)) is defined by
Cef(z) = δ(1− z) + 1
1!
f(z) +
1
2!
f(z)⊗ f(z) + 1
3!
f(z)⊗ f(z)⊗ f(z) + · · · (4.21)
In the above, we drop all the regular terms resulting from the convolutions and keep only
distributions. In [41], the FFs are shown to satisfy the K+G equation [47–50] and its
solution at each order can be expressed in terms of the universal cusp (AI), soft (f I) and
collinear anomalous (BI) dimensions along with some operator dependent contributions
[123, 124]. ∆I,SVaa is finite in the limit  → 0, thus the pole structure of soft distribution
function should be similar to that of Fˆ Iaa and Γaa. One can show that the soft distribution
function ΦIaa also satisfies a Sudakov type differential equation [123] whose solution is
straightforward to obtain:
ΦIaa =
∞∑
i=1
ai
(
q2(1− z)2
µ2F
)i/2( 1
1− z
)[
2Ai
i
− fi + GIia()
]
, (4.22)
where
f1 = 0 , f2 = −28ζ3 f3 = 176
3
ζ2ζ3 + 192ζ5. (4.23)
– 18 –
We find that ΦIaa does not depend on I and in addition they are identical for a = λ, g, φ
and χ. Hence, GIia = Gi. From the known coefficient functions, ∆I,(i),SV, up to two loops
we can determine Gi and they are found to be
G1() = −3ζ2+ 7
3
ζ3
2 − 3
16
ζ22
3 +
[
31
20
ζ5 − 7
8
ζ2ζ3
]
4
+
[
49
144
ζ23 −
57
640
ζ32
]
5 +O(6),
G2() = 4ζ22+ 43ζ52 +
[
413
6
ζ23 +
715
84
ζ32
]
3
+
[
9
2
ζ7 − 2527
20
ζ2ζ5 +
559
120
ζ22ζ3
]
4 +O(5). (4.24)
The above result is found to be exactly identical to Φq and Φg that appear in the inclusive
cross sections of the Drell-Yan and the Higgs productions respectively up to two loops, after
setting the Casimirs of SU(N) as CF = nf = CA and retaining only the LT terms. Our
explicit computation demonstrates that the soft distribution function Φ contains uniform
transcendental terms and in addition it obeys leading transcendentality principle. In [125],
third order contribution to ΦI for I = q, g were obtained from [126] which we use here to
predict the corresponding result for Φ of N = 4 SYM theory after suitably adjusting the
color factors and retaining the leading transcendental terms. That is, we find
f3 =
176
3
ζ2ζ3 + 192ζ5.
G3() = −4006ζ6 + 536
3
ζ23 +
289192
315
ζ32 +O(). (4.25)
The three-loop results for the FFs, Fˆ I are already known [41], up to the same order the
distribution parts of Γaa (see Eq. (4.10)) can be obtained by using A3 [41, 97] and B3 [41].
Using f3 and G3() from Eq. (4.25) we determine ΦI up to three loops. Having known the
form factors, soft distribution function and the AP kernels to third order, it is now straight
forward to predict the SV part cross section at third order using Eq. (4.19). For I = K,
we find
∆
K,(3),SV
φφ =
[
−8012
3
ζ6 +
13216
3
ζ23 + 480ζ5 −
992
5
ζ22 − 432ζ3 + 6512ζ2 − 11552
]
δ(1− z)
+
[
11904ζ5 − 23200
3
ζ2ζ3 − 8736ζ3
]
D0 +
[
−9856
5
ζ22 + 3712ζ2 + 9664
]
D1
+11584ζ3D2 + [−3584ζ2 − 3584]D3 + 512D5. (4.26)
and for the I = half-BPS and T, we find
∆I,(3),SVaa = ∆
K,(3),SV
φφ
∣∣∣
LT
, (4.27)
where for I = half-BPS, a = φ and for I = T, a = {λ, g, φ, χ}. In addition we find that for
I = half-BPS, our third order prediction, Eq. (4.27), agrees with the result [127] obtained
by explicit computation.
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5 Conclusion
In this paper, we have studied the perturbative structure of N = 4 SYM gauge theory
in the infrared sector and report our findings. We achieved this by computing various
inclusive scattering cross sections of on-shell particles belonging to this theory. There are
already many important perturbative results in N = 4 SYM theory and most of them are
obtained by studying on-shell scattering amplitudes. These amplitudes are computed in
perturbation theory at leading as well as beyond the leading order in t’Hooft coupling,
a. Computation of multi-loop FFs of the half-BPS operators in dimensionally regulated
version of the theory gives perturbative coefficients such as cusp and collinear anomalous
dimensions. Unprotected operators like Konishi also demonstrate universal structure in
the infrared sector of N = 4 SYM theory. Resummed results also exist for the amplitudes
and they play an important role in the context of AdS/CFT correspondence.
Number of computations in perturbative QCD exists, motivated to understand the
physics of strong interaction from the high energy colliders. For example, scattering cross
sections in QCD for many observables are known very precisely and they are compared
against the results from the experiments. In addition, these computations provide theo-
retical laboratory to unravel the rich infrared structure of not only QCD but also a wide
class of non-abelian gauge theories. Factorisation of IR sensitive contributions and their
universal structure in QCD amplitudes and in scattering cross sections provide unique
opportunity to understand the infrared structure of the theory.
Motivated by these computations in QCD, we have calculated inclusive cross sections
for producing a singlet state through the half-BPS, the energy-momentum tensor and the
Konishi operators to understand the soft and the collinear properties of N = 4 SYM
theory. By defining infrared safe observables in N = 4 SYM theory, we obtain collinear
splitting functions up to second order in perturbation theory. This is possible because of the
factorisation of collinear singularities in the inclusive observables, the property that infrared
safe observables in QCD enjoy. In addition, we establish the cancellation of soft divergences
between virtual and real emission processes order by order in perturbation theory leaving
only factorizable collinear singularities. The former is in accordance with the KLN theorem.
The systematic factorisation of collinear singularities and ambiguity associated with the
collinear finite terms lead to RGE in the collinear sector of the theory. The latter is governed
by universal collinear splitting functions, analogue of AP splitting functions in perturbative
QCD. These splitting functions show several remarkable similarities with those of QCD.
In particular, only the diagonal ones contain distributions D0 and δ(1− z) with cusp and
collinear anomalous dimensions as their coefficients, like in QCD. In addition, several of the
regular terms in z are in close resemblance with those in QCD when the color factors of QCD
are taken as CF = CA = nf = N . We find that the Mellin moments of the diagonal splitting
functions in the large j limit agree with the universal anomalous dimensions of twist-
2 operators when the spin j becomes large. In particular, unlike [103] we distinguish the
scalar and the pseudo-scalar fields and compute the eigenvalues of the anomalous dimension
matrix. We find that two of the eigenvalues coincide with the universal eigenvalues obtained
in [103] after finite shifts and the remaining two coincide with the universal ones only in
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the large j limit. Here we wish to point out few checks on the validity of our calculation
of splitting functions:
• Many of the splitting functions are calculated by considering completely different set
of processes and they are found to be identical.
• Our splitting function results satisfy the identity in Eq. (4.9).
• The LT terms of SV cross sections calculated in this paper matches exactly with the
SM counterparts which provides third but not last non-trivial check on our compu-
tation. We elaborate further on this point below.
We have investigated the structure of infrared safe cross sections resulting after collinear
factorisation. We find that the LT terms of SV part of the cross sections agree with that of
Drell-Yan or Higgs production cross sections in QCD when we set CA = CF = nf = N in
the latter. This corresponds to leading transcendentality principle advocated in [70, 101–
104] between the anomalous dimensions of twist-2 Wilson operators in N = 4 SYM theory
and those of splitting functions in QCD. In addition, we find that the soft parts of the
cross sections for the half-BPS, T and Konishi are all identical and are independent of
incoming states. We extract the soft distribution functions from inclusive cross sections
and found that they are process independent, namely they do not depend on the incoming
states and also on the nature of singlet final state. This distribution up to second order
in a coincides with that of Drell-Yan or Higgs production when CA = CF = nf = N in
QCD. This is again an example for the leading transcendentality principle in the context
of soft distribution functions in inclusive scattering cross sections. Extending this principle
to third order in a and using the three loop FFs of the half-BPS,T and Konishi and the
third order soft distribution function obtained from Drell-Yan or Higgs production cross
sections, we have predicted third order inclusive cross section ∆I,(3),SV for I = half-BPS,T
and Konishi. Our prediction for the half-BPS agrees with the result obtained by explicit
computation in [127]. ∆T,(3),SV coincides identically with the half-BPS because because
their three loop FFs are also identical to each other. For the Konishi, the SV part of the
cross section contains sub-leading transcendental terms unlike the case of the half-BPS or
T but the leading ones coincide with those of the half-BPS and T. In summary, collinear
finite inclusive cross sections in N = 4 SYM theory provide several valuable informations
on the perturbative IR structure of the theory.
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A The Mellin j-space results for two-loop splitting functions
In the following, we list the results of two-loop splitting functions after transforming them
into Mellin j-space. Using Eq. (2.30) order by order in perturbation theory and splitting
function results in Eq. (4.4), we obtain
γ
(1)
φφ,j =
24
j − 1 +
24
j2
− 112
3j
− 24
(j + 1)2
+
40
j + 1
− 16
(j + 2)2
− 24
(j + 2)
+2Qˆ(j) +
8
3
S1(j − 1) ,
γ
(1)
gg,j = −
1072
9(j − 1) −
32
j3
+
144
j2
+
248
3j
+
112
(j + 1)2
− 208
j + 1
− 32
(j + 2)3
+
352
3(j + 2)2
+
2224
9(j + 2)
− 32K(j − 1) + 32K(j)− 32K(j + 1) + 32K(j + 2) + 2Qˆ(j)
+
8
3
S1(j − 1) ,
γ
(1)
λλ,j =
640
9(j − 1) +
64
j3
− 192
j2
+
8
3j
− 64
(j + 1)2
+
128
j + 1
− 256
3(j + 2)2
− 1792
9(j + 2)
−64K(j) + 64K(j + 1) + 2Qˆ(j) + 8
3
S1(j − 1) ,
γ
(1)
λg,j =
640
9(j − 1) +
64
j3
− 192
j2
− 320
(j + 1)2
+
896
(j + 1)
+
128
(j + 2)3
− 1792
3(j + 2)2
− 8704
9(j + 2)
− 64K(j) + 128K(j + 1)− 128K(j + 2) ,
γ
(1)
φg,j =
24
j − 1 +
24
j2
− 40
j
+
104
(j + 1)2
− 344
(j + 1)
− 48
(j + 2)3
+
240
(j + 2)2
+
360
(j + 2)
−48K(j + 1) + 48K(j + 2) ,
γ
(1)
gλ,j = −
1072
9(j − 1) −
32
j3
+
144
j2
+
80
j
+
64
3(j + 2)2
+
352
9(j + 2)
+
32
(j + 1)2
−32K(j − 1) + 32K(j)− 16K(j + 1) ,
γ
(1)
φλ,j =
24
j − 1 +
24
j2
− 40
j
+
16
(j + 1)2
− 64
(j + 1)
+
32
(j + 2)2
+
80
(j + 2)
− 24K(j + 1) ,
γ
(1)
gφ,j = −
1072
9(j − 1) −
32
j3
+
144
j2
+
240
3j
− 16
(j + 1)2
+
48
(j + 1)
− 32
3(j + 2)2
− 80
9(j + 2)
−32K(j − 1) + 32K(j) ,
γ
(1)
λφ,j =
640
9(j − 1) +
64
j3
− 192
j2
+
64
(j + 1)2
− 128
(j + 1)
+
128
3(j + 2)2
+
512
9(j + 2)
−64K(j) ,
γ
(1)
χφ,j =
24
j − 1 −
24
(j + 1)2
+
40
(j + 1)
− 16
(j + 2)2
− 24
(j + 2)
+
24
j2
− 40
j
, (A.1)
where
K(j) =
S1(j)
j2
+
S2(j)
j
+
Sˆ2(j)
j
,
Qˆ(j) = −4
3
S1(j) + 16S1(j)S2(j) + 8S3(j)− 88Sˆ3(j) + 16Sˆ1,2(j) ,
– 22 –
Sk(j) =
j∑
i=1
1
ik
, Sˆk(j) =
j∑
i=1
(−1)i
ik
, Sˆk,l(j) =
j∑
i=1
Sˆl(i)
ik
. (A.2)
B Eigenvalues of the anomalous dimension matrix
In the following, we list the expressions for the eigenvalues of the anomalous dimension
matrix in Mellin j-space and they are found to be
λ1 =
8
3j
+
32
j3
− 32K(j)− 32K(j − 1) + 2Qˆ(j) + 8
3
S1(j − 1),
λ2 =
8
3j
+ 2Qˆ(j) +
8
3
S1(j − 1),
λ3 = E1 + 16
√
E2,
λ4 = E1 − 16
√
E2, (B.1)
with
E1 = 8
3j
− 16
(j + 2)3
+ 16K(j + 1) + 16K(j + 2) + 2Qˆ(j) +
8
3
S1(j − 1),
E2 = 64
(j + 1)2
+
8
(j + 1)3
− 8
(j + 1)4
+
64
(j + 2)2
+
8
(j + 2)3
− 24
(j + 2)4
+
1
(j + 2)6
− 128
(j + 1)(j + 2)
− 8
(j + 1)2(j + 2)
− 8
(j + 1)(j + 2)2
− 40
(j + 1)2(j + 2)2
+
8
(j + 1)(j + 2)3
+
8
(j + 1)2(j + 2)3
+K(j + 1)
[
8
j + 1
− 8
j + 2
+
8
(j + 2)2
− 2
(j + 2)3
]
−K(j + 2)
[
8
j + 1
+
8
(j + 1)2
− 8
j + 2
+
2
(j + 2)3
]
+
(
K(j + 1) +K(j + 2)
)2
, (B.2)
where K(j), Qˆ(j) and S1(j) can be found in Eq. (A.2).
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